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The partition function of a thermal or statistical system is a central con-

cept in statistical physics. There are various ways of arriving at it. Here
we’ll examine how it can be determined using the entropies of a system
contained in a heat bath.

We consider a small system (system 1) contained within a much larger
system (system 2), the latter of which is known as a heat bath. A heat bath is
a system large enough that fluctuations in the energy of the small embedded
system have essentially no effect on the heat bath. The small system has
energy Er and the total energy of the small system plus heat bath is E0, so
that the energy of the heat bath is E0 −Er.

The entropy S is defined in terms of the number Ω of microstates that
correspond to a particular macrostate:

S ≡ k lnΩ (1)
where k is Boltzmann’s constant.

For a given value of Er, the heat bath has a number Ω2 (E0 −Er) of
microstates, so the probability pr that the heat bath is in this state is propor-
tional to this number:

pr =KΩ2 (E0 −Er) (2)
where K is a constant.

In order that the probabilities pr are properly normalized, their sum over
all possible energies Er must add up to 1, so we have

pr =
Ω2 (E0 −Er)

∑rΩ2 (E0 −Er)
(3)

From 1, we have

Ω2 (E0 −Er) = eS2(E0−Er)/k (4)
where S2 is the entropy of the heat bath. Thus the probability pr can be
written as

pr =KeS2(E0−Er)/k (5)
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The energy of the heat bath is much larger than the energyEr of the small
system embedded within it, so we have

E0 � Er (6)

Thus, we’re justified in taking E0 to be the actual energy of the heat bath.
We can expand the entropy in a Taylor series about E0 as follows.

S2 (E0 −Er) = S2 (E0)−Er
∂S2

∂E0
+
E2
r

2
∂2S2

∂E2
0
+ . . . (7)

Here, the expression ∂S2
∂E0

is shorthand for the derivative of S2 with respect
to its argument E0 −Er evaluated at Er = 0, as is usual for Taylor series.
This derivative is found in the definition of temperature in terms of entropy:

∂S2

∂E0
=

1
T2

(8)

where T2 is the temperature of the heat bath.
The higher order term E2

r
2
∂2S2
∂E2

0
turns out to be negligible.1 So we can write

the probability 5 as

pr =KeS2(E0)/ke−Er/kT2 (9)

The first exponential is a constant over all states Er.
Normalizing, we have

pr =
KeS2(E0)/ke−Er/kT2

∑rKe
S2(E0)/ke−Er/kT2

(10)

=
KeS2(E0)/ke−Er/kT2

KeS2(E0)/k∑r e
−Er/kT2

(11)

=
e−Er/kT2

∑r e
−Er/kT2

(12)

=
1
Z
e−βEr (13)

where

1For a proof of this, see Mandl’s book, section 2.5. Basically the idea is that since ∂S2
∂E0

=

1
T2

, the second derivative ∂2S2
∂E2

0
is a measure of how much the temperature changes due to

heat exchange with the smaller system. By the definition of a heat bath, its temperature is
essentially constant, so this derivative will be very small.
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β =
1
kT

(14)

(we’ve dropped the subscript 2 on T2, since we can take T to be the temper-
ature of the heat bath in general) and Z is the partition function

Z ≡ ∑
r

e−βEr (15)

The partition function thus serves as the normalizing factor in the expres-
sion for the probability of the small system being in a state with energy
Er.

pr =
1
Z
e−βEr (16)
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